A NOTE ON SYMMETRY IN THE VANISHING OF EXT 
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Abstract. In [1 Avramov and Buchweitz proved that for finitely generated mod- 
ules M and N over a complete intersection local ring R, Ext^.(M, N) = for all 
i > implies Ext' l R (N, M) = for all i ^> 0. In this note we give some general- 
izations of this result. Indeed we prove the above mentioned result when (1) M is 
finitely generated and N is arbitrary, (2) M is arbitrary and N has finite length 
and (3) M is complete and N is finitely generated. 



1. INTRODUCTION 

Throughout the paper, R is assumed to be a commutative Noetherian ring with 
unity and dim(i?) < oo. When R is a local ring, for each .R-module M, M denotes 
the completion of M with respect to the maximal ideal. 

In [U Theorem III] Avramov and Buchweitz proved that for finitely generated 
modules M and N over a complete intersection local ring R, Ext^(M, N) = for all 
i ^> implies Ext^(iV, M) = for all i ^> 0. They were interested in determining 
a class of local rings which satisfy this property. Then Huneke and Jorgensen [5] 
defined a class of Gorenstein local rings, which they called AB rings, and they showed 
that AB rings satisfy the above mentioned property (see [H Theorem 4.1]). 

Using the notation of [2], for given nonzero -R-modules M and N, we define 
p R (M, N) to be 

p R (M, N) = sup{2 G N | Ex4(M, N) ^ 0}. 

According to the paper [H], define the Ext-index of the ring R, denoted by 
Ext-index(-R), to be the supremum of finite values of p R (M,N) for finitely gen- 
erated -R-modules M and N. The authors in [5] also called R an AB ring if it is a 
Gorenstein local ring of finite Ext-index. Furthermore they showed that the class 
of AB rings is strictly larger than the class of complete intersection local rings. 

In section 2 of this paper we introduce an especial class of AB rings and we show 
that every complete intersection local ring belongs to this class. Then we show the 
following theorem: 

Theorem A. Let R be a d- dimensional complete intersection local ring. Assume 
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that M and N are two R-modules such that M is finitely generated and N is arbi- 
trary. Then 

Exf R (M, N) = for all i > =>• Extjj(JV, M) = /or all i > d. 

In sections 3 we are concerned with the property of symmetry in the vanishing of 
Ext over complete intersection local rings when the module appears in the left hand 
side is not necessarily finitely generated and the right hand side module is finitely 
generated. As we see in [7], it is a general feeling that completeness is a kind of 
finiteness condition. Therefore in this direction we prove the following theorem: 
Theorem B. Suppose that R is a d- dimensional complete intersection local ring 
and M, N are two R-modules. If either M is of finite length and N is arbitrary, or 
M is finitely generated and N is complete, then 

Ex4(iV, M) = for all i > =>• Ext^(M, N) = for all i > 0. 

2. Preliminaries and Theorem A 

Let R be a Gorenstein local ring and M be a finitely generated -R-module. Let 
M* denote the dual i?-module HoniR (M,R). If M is a maximal Cohen- Macaulay 
(MCM for short) i?-module, then there exists a long exact sequence 

C(M) : ... — F 2 Ft F F_! ^ F_ 2 ^> F_ 3 ^> ... 

of finitely generated free i?-modules such that M = Kerd-\. Define the non-negative 
and negative syzygies of M by M; = Kerdi-i for every integer i. Now we recall [5[ 
Lemma 1.1], but one should note that the given proof in [5j is also true when N is 
an arbitrary .R-module, more precisely: 

Lemma 2.1. Let R be a Gorenstein local ring. Suppose that M is an MCM R- 
module and N is an arbitrary R-module. Then for fixed t > 3 and for 1 < i < t — 2 
we have 

ExtUM- t ,N) Tor^. i _ 1 (M*, N). 

Definition 2.2. Set £(R) to be the supremum of finite values of p R (M,N) where 
M and iV are i?-modules and M is finitely generated, i.e. 

£(R) = sup { p R (M, N) | p R (M, N) < oo where M is 

a finitely generated R- module } . 

We say that the ring R has finite £ (or is of finite £) if it satisfies £(R) < oo. 

As some obvious properties of this type of rings we point out to the following 
proposition. 

Proposition 2.3. 

(1) Suppose that (R, m) is a local ring with £(R) < oo. Assume that x is a 
nonzero divisor on R. Then C,(R/xR) < oo. 
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(2) If R is a d- dimensional Gorenstein local ring with £(-R) < oo, then £(R) = d. 

(3) Every complete intersection local ring is of finite £. 

(4) Every Gorenstein local ring with finite £ is an AB ring. 

(5) Suppose that R is a d-dimensional Gorenstein local ring with finite £. Then 
for every p e Spec(i?) ; R p is of finite £. 

Proof. The proofs of (1), (2) and (3) are completely similar to the proofs of [SI 
Propositions 3.3(1), 3.2 and Corollary 3.5] respectively. (4) is trivial. 

(5) Suppose that M is a finitely generated -Rp-module and iV is an arbitrary R p - 
module such that Ext^ p (M, N) = for alH > 0. Write M = R p y 1 + ... + R p y t . Let 
M' = Ryi + ... + Ry t . We have M p = M = M' p . Thus if F. — ► W — > is a free 
resolution for M' as an .R-module, then F. ® R R p — > ML — > is a free resolution 
for Mp as an i? p -module. So, we have Ext^(M', N) ^ Ext^(M', Hom R|i (R p , N)) ^ 
Ext Rp (M,N). Therefore Extf R (M',N) = for all i > 0. By the assumption and 
(2), Ext R (M',N) = for all % > d. Thus Ext^ p (M,N) = for alH > d and this 
shows that £(-R p ) < d. □ 

Theorem 2.4. Let R be a d-dimensional Gorenstein local ring with £,(R) < oo. 
Assume that M and N are two R-modules such that M is finitely generated and N 
is arbitrary. Then 

Ext R (M, N) = for all i > =>• Ext^(iV, M) = for all i > d. 

Proof. Let L be the <ith syzygy of M in a free resolution. We know that L is an 
MCM i?-module and Ext^(M, N) S Ext^ d (L,N) for all i > d. This shows that 
Ext^(L, N) = for all i > 0. Thus for each t > 1, Ext^(L_t,A^) = for all 
% > 0. Since £(R) < oo, then for each t > 1 and % > d, Ext^(L_ t , N) = 0. On 
the other hand Ext^(L„(, N) = Ekt^(Lj_ t _i, N) for all % > 1. Thus for each i > 1 
and i > d, Ext R (Li-t-i, AT) = 0. Now by suitable changing of i and t, we will have 
Ext R (L- t ', AT) = for each f > 1. Therefore by Lemma EH Tor£_ 2 (L*, N) = for 
each t' > 3. 

Therefore if F. — > A" — > is a free resolution for N, then F. ®r L* — > 
A" — > is an exact sequence. Also, L* is an MCM i?-module, thus for 
i > 1 and every free -R-module F, Ext^(F ®# L*,R) = 0. So, for z > 1 we have 
Ext R (N ® R L*,R) = H i (Hom /? (F. ® R L*,R)). Hence for z > 1 we get the following 
isomorphisms 

Ext R (N ® R L*,R) = H i (Hom iJ (F.,Hom i? (L*, J R))) 
= H l '(Hom«(F.,L**)) 

W(Eom R (F.,L)) 
= Ext R (N,L). 

But R is Gorenstein, so Ext^(AT ® R L*, R) = for i > d. Therefore Ext^(AT, L) = 
for i > d. Now since id(i?) = d we easily obtain that Ext^(A^, M) = for i > d. □ 
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3. Theorem B 

Let (R, m) be a local ring and E(R/m) be the injective envelope of the residue 
class field R/m. Recall that the Matlis dual of an .R-module T is Hom R (T, E(R/m)) 
and is denoted by T v . We say that T is Matlis reflexive if T vv = T. Note that if 
T has finite length, then T is Matlis reflexive. Furthermore we have the following 
isomorphisms for .R-modules V and W: 

Torf (V, W) y S Ext^V, W v ) 

and 

Extj^V, Wf S Torf (V, TT V ) when V" is finitely generated. 

Proposition 3.1. Suppose that (R, m) «s a d- dimensional Gorenstein local ring with 
finite £. T/ien /or every R-modules M and N , where M has finite length and N is 
arbitrary we have 

Ext^(iV, M) = /or a// i > =>• Ext l R (M, N) = /or a// i > d. 
Proof. We have 

Ext^(iV, M) = Ext* fl (iV, M vv ) = Torf (A^, M V ) V = Ex4(M v , iV v ). 

Thus by assumption and Theorem 12.41 Ext l R (N v ,M v ) = for all i > d. Since 
Ext^(iV v ,M v ) Tor f(iV v ,M) v , we have Torf(iV v ,M) = for all z > d. On 
the other hand Torf(iV v ,M) = Ext^(M,iV) V . Therefore Extf R (M,N) = for all 
i> d. ' ' ' □ 

By 12.41 and 13.11 we have the following corollary. 

Corollary 3.2. Let R be an Artinian Gorenstein local ring with ^(R) < oo. Assume 
that M and N are two R-modules where M is finitely generated and N is arbitrary. 
Then 

Ext R (N, M) = for all i > =>• Ext R (M, N) = for all i > 0. 

Theorem 3.3. Suppose that R is a d-dimensional Gorenstein local ring with £(R) < 
oo. Assume that M is a finitely generated R-module and N is a complete R-module. 
Then 

Ext^(iV, M) = for all i > =>• Ext R (M, N) = /or a// i > 0. 

To prove this theorem, we need the following definition, remark and lemma. 

Definition 3.4. Let (R, m) be a local ring and N be an arbitrary .R-module. Let 
Tjv : N — > N be the natural morphism. We say that iV is quasi-complete if tn is 
surjective and N is separated if tn is injective. 

Remark 3.5. Suppose that (-R, m) is a local ring and N is an arbitrary .R-module. 
Let — ► K — > L — ► L/K — > be an exact sequence of -R-modules. From P, 
§8], recall that 

(1) JV is separated if and only if f|„ m n N = for all n e N U {0}. 
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(2) L/K is separated if and only if K is closed in L. 

(3) Using 1.2, Corollary] and (2), we get that if K is closed in L and L is 
quasi-complete then L/K is complete. 

Also from [HI Definition 2.1.11 and Proposition 2.1.12(i)] we have 

(4) For every flat -R-module F there exists a free -R-submodule LCF such that 
the natural injection p : L — > F is pure (i.e. p (g> Idu '■ L ®r H — > F ®r H is 
injective for every .R-module H) and L is dense in the m-adic topology of F (i.e. 
f] n>1 {L + m n F) = For L + m n F = F for all n). This implies that L/m n L = F/m n F 

for all n. Therefore when F is a complete flat i?-module we have F = L. In other 
words every complete flat -R-module is the completion of a free i?-module (and 
conversely, see [7J 2.4]). 

Lemma 3.6. Let (R, m) be a local ring and M be a complete R-module in m-adic 
topology. Suppose that x e m is a nonzero divisor on both R and M. Let 

— > T — > F — >M — >0 

be an exact sequence of R-modules where F is a complete flat R-module. Then both 
T andT/xT are complete in their m-adic topology. 

Before proving the lemma, we should remark that Mj xM is not necessarily com- 
plete, because xM is not necessarily closed in M. The following is an example of A. 
M. Simon. 

Example 3.7. Let R = k[[X, Y, Z]\, where k is a field. Put M n = R/(XY - Z n ) and 
let M be the completion of M n as described in [3, 9.4]. In fact 

oo 

M = {{m n ) n >i G Y\ M n \ for all s, all but finitely many m n belong to m s M n }. 

n=l 

Thus M C n^Li M n . Note that X is regular on R and M. Denote the images of 
X, Y, Z in M n with x n , y n , z n . Let w t = (zi, z\, zf , z\, 0, ...) for each t. We have 
that w t = X.v t , where {v t )i — yi if i < t and {v t )i = otherwise. Thus w t G XM. 
The Cauchy sequence w t has its limit in M — XM; indeed we have 

lim w t = (z t , zl, zl, z f t , zlll, ...) 

and (z 1 ,z%,z$,...,z t t ,z t t ll,...) = X(y 1 ,y 2 ,y 3 , ...,y t , ...) which is not in XM because 
by the above mentioned structure of M, (yi, y 2 , 2/3, yt, •••) is not an element of M. 

However if F is a complete flat -R-module, it is mentioned in Remark 13.5( 4) that 
F is the completion of a free R- module and we observe that F/xF is complete, i.e. 
xF is closed in F. With this in hand we prove Lemma 13.61 

Proof. Since M is complete, T is closed in F and thus complete (see [7J, 1.3, Propo- 
sition]). With our hypothesis, we also have an exact sequence 

— > T/xT — > F/xF — ► M/xM — > 0. 
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Thus xT = T fl xF and xT is closed in T because T — > F is continuous. Conse- 
quently by Remark [3.5( 3). T/xT is complete. □ 

Now we can give the proof of Theorem 13.31 

Proof. We proceed by induction on d. The case d = has been proved in a stronger 
form in 13.21 

So, assume that d > 1. Suppose that P. — > M — > is a free resolution of 
M. Consider the short exact sequence A : — ► M\ — ► Pq — > M — ► 0. Since 
idPo = d, using the short exact sequence A and hypothesis, we have Ext ^ (AT, Mi) = 
for all % > 0. 

On the other hand, by 2.5, Proposition], there exists a complete flat resolution 
F. — ► A" — ► for i?-module N. By Lemma 13.61 A r 2 is a complete -R-module. 
Also by [4, page 85, Corollary 3.2.7], for all j we have pcLFj < d. Using the exact 
sequences Qj : — > Nj — > Fj-i — > Nj-\ — > for j = 1, 2 and the fact that 
pd.Fj_i < d, we obtain Ext R (N 2 , M x ) = for all i > 0. Since depth(,R) > 1, there 
exists an element x of m which is non-zero divisor on R, Mi and N2. Thus we have 
the long exact sequence 

Ext^A^M!) — > Ext^ 1 (N 2 /xN 2 ,M 1 ) — > Ext%\N 2 , Mi) 

obtained from the short exact sequence 

— > N 2 N 2 — > N 2 /xN 2 (t). 

By hypothesis, we have Ext^(A r 2 /a;A r 2 , Mi) = for all i > 0. Therefore by [6., 
Page 140, Lemma 2], Exi i R/xR {N 2 lxN 2 ,M l lxM 1 ) = for all i > 0. 

Now R/xR is a (d— l)-dimensional Gorenstein local ring with finite £ (see Propo- 
sition E3J). Also by Lemma \3. 61 all Ni/xNi are complete for % > 2 and consequently 
by inductive hypothesis we have Ext R , xR (Mi/x Mi, N 2 /xN 2 ) = for all i ^> 0. 
Therefore again by P Page 140, Lemma 2], Ext R (Mi, N 2 /xN 2 ) = for all i > 0. 
Using again the short exact sequence ($), we obtain the long exact sequence 

Ext^Mi, N 2 /xN 2 ) — > Ext^ 1 (M 1 , N 2 ) Ext^+^Mi, A^ 2 ) — -> Ext^M^ N 2 /xN 2 ). 

So, we have Ext^(M 1; A" 2 ) = xExt^M^ A" 2 ) for all % > 0. Therefore by [7, page 
233], Ext^(Mi, AT 2 ) = for all i ^> 0. Now, because R is a Gorenstein ring, by 0, 
page 79, 3.3.4(h)], idFj < d. So, using the exact sequences Qj (j = 1,2), we have 
Ext R (Mi,N) = for all i ^> and using again the exact sequence A, we obtain 
Ex4(M, AQ = for all i > 0. □ 

As another application of [?l page 233] with the same method as above, we close 
this note by proving the following proposition. 

Proposition 3.8. Let (R, m) be a d- dimensional Gorenstein complete local ring with 
finite £. Set 

£'(R) = sup { p R (N, M) I p R (N, M) < 00 where M is finitely generated 

and N is arbitrary } . 



A NOTE ON SYMMETRY IN THE VANISHING OF EXT 



7 



Then we have £'(R) = d. 

Proof. By Corollary 13.21 and Theorem 12.44 the claim obviously holds for d = 0. 
Suppose that d > 0. Since id(R) = d, there exists an i?-module L such that 
Ext d R (L, R) ^ and Ext^(L, i2) = for all i > d. Thus £'(R) > d. 

Let M be a finitely generated .R-module and A" be an arbitrary i?-module such that 
Ext ^ (AT, M) = for all % ^> 0. Since id(i?) = d, we can replace M and A" by their 
first syzygies in their i?-free resolutions. Thus there exists a nonzero divisor x on R, 
M and N. Also using the short exact sequence — > M M — > M/xM — > 0, 
we obtain Ext R (N,M/xM) = for all i ^> 0. Therefore by [51 page 140, Lemma 
2], ExV R / xR (N / xN , M/xM) = for all i ^> 0. Now by inductive hypothesis we have 
Ext^ i xR { N/xN, M/xM) = for all % > d— 1. Therefore, using again the above 
exact sequence, we have Ext^(A^, M) = xExt l R (N, M) for all % > d. But M is a 
complete i?-module, so by [7, page 233] Ext l R (N, M) = for all i > d. This shows 
that £'(R) <d. □ 
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